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A semianalytical solution for a power-law fluid flowing through a conical annulus was derived to estimate the velocity
profile in the axial direction, the shear rate and the elongation rate within a spinneret during the spinning of hollow
fiber membranes. The angle coefficient was introduced as a new parameter to account for the effect of radial flow and
to modify the governing equation, which initially neglected the effect of radial flow. The results estimated from this
semianalytical solution agreed more closely with computational fluid dynamics simulation results than those obtained
from the approximate analytical solution in our previous study. By accurately predicting the velocity profile in the axial
direction and the shear and elongation rates in a conical annulus, the solution derived in this study is expected to pro-
vide a reliable criterion for spinneret design to achieve a specified membrane morphology with a desired performance.
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Introduction

Membrane separation technologies have become indispen-
sable in chemical industries. Among the various types of
membrane modules, hollow fiber membranes are widely used
due to their numerous advantages, such as high membrane
packing density, high mechanical strength, and back-flushing
capabilities. However, the parameters controlling the spinning
process of hollow fiber membranes are complicated, and many
of these parameters have been investigated to date. In addition
to finding the appropriate materials and methods to spin mem-
branes,1–12 another key issue is the determination of the effect
of flow conditions within the spinneret on the membrane mor-
phology and properties.13–19 Aptel et al.13 introduced the spin-

ning number, an empirical dimensionless coefficient, to

correlate several spinning variables that strongly influence the

hydraulic permeability of hollow fiber membranes. Chung

et al.14–19 determined the effects of the shear stress and shear

rate within the spinneret on the membrane morphology and

properties when spinning hollow fiber membranes using dif-

ferent dope materials. They reported that increasing either the

shear rate or the dope extrusion rate enhances the molecular

orientation of polymer molecules in dope solutions and leads

to higher selectivity but lower permeability. Moreover, Chung

et al.19 also observed a critical shear rate beyond which the

membrane performance no longer changed significantly

because the molecular orientation induced by the shear rate

was offset by the shear-thinning effect of a high-concentration

polymer dope. As a result, there exists an optimum shear rate

for maximum separation performance, as demonstrated by

infrared spectroscopy.20–22

In addition to these experimental studies, researchers have
also developed analytical models. Fredrickson and Bird23

derived an analytical solution for a power-law fluid flowing
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through a long cylindrical annulus. Shilton24 derived flow
equations and presented a methodology to establish flow pro-
files in a spinneret during the spinning of hollow fiber mem-
branes. Wang et al.25 concluded that the flow angle of the
spinneret is another important variable in the spinning proc-
esses by showing that hollow fiber membranes spun from a
conical spinneret exhibit better separation performance than
those spun from a straight one. Widjojo et al.26 designed sev-
eral novel spinnerets and applied both Computational fluid
dynamics (CFD) methods and experiments to demonstrate that
conical spinneret with a flow angle of 608 can reduce flow
instability phenomena. Therefore, spinneret designs typically
feature a converging cross-section; designs with straight
annuli have been found to be inappropriate for predicting gen-
eral membrane spinning processes. CFD methods can be used
to simulate the flow profile in a spinneret during spinning and
have been widely applied for designing membrane mod-
ules.27–35 Cao et al.27 first implemented CFD methods to simu-
late the flow profiles for a dope solution flowing through
spinnerets for three different flow angles. They proposed a
hypothetical mechanism in which the elongation rate stretches
the polymer chains and enhances chain packing in the outer
skin of hollow fiber membranes and the shear rate aligns the
polymer chains. Cao et al.27 concluded that the elongation rate
contributes more to the membrane permeability, while the
shear rate contributes more to the membrane selectivity. To
provide a convenient method for engineers to predict the flow
behavior within a spinneret, Tung et al.33 derived an approxi-
mate analytical solution for a power-law fluid flowing through
the conical spinneret neglecting the effect of radial flow.
Although the results were more accurate than those derived
for a straight annulus, neglecting of the effect of radial flow
introduced significant error. For a power-law fluid of

n 5 1.423 flowing at a high flow rate in the laminar flow
regime in a 608 spinneret, the shear stresses at the outer and
inner walls deviated from the CFD simulation results by up to
47% and 21%, respectively.

To the best of our understanding, no efforts have been pub-
lished on the derivation of analytical solution that accounts for
the effect of radial flow in a conical spinneret during spinning
processes. By introducing an angle coefficient to account for
the effect of radial flow, this study derived a semianalytical
solution to accurately estimate the z-velocity profile, elonga-
tion rate, and shear rate of power-law fluids flowing through
conical spinnerets for different flow angles. These semianalyti-
cal results were then compared with CFD simulation results to
validate our work.

Theoretical Study

A semianalytical solution and CFD simulation software
were utilized to analyze the hydrodynamics of power-law flu-
ids flowing through a conical annulus spinneret as shown in
Figure 1. To facilitate the mathematical treatment presented
throughout this work, the conical annulus was partitioned into
two sections, and several geometrical variables were defined.

Analytical derivation

Geometric Variables. Two dimensionless variables are
introduced in an axisymmetric cylindrical coordinate system.
The transformation from (r, z) to (n, f) is as follows

f5
z

R
and n5

r

R
(1)

The inner radius of the converging annulus is always jR,
and the outer radii of the annulus for Section I and the outlet

Figure 1. Schematic diagrams of (a) the actual conical annulus spinneret used for the spinning process and (b) the
domain of the semianalytical solution derived in this study.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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of Section II are R and aR, respectively. The length of the con-
verging section represented by the multiple radii is bR. The
slope e is defined by two dimensionless variables to describe
the converging part of the spinneret. The geometrical variables
a, b, and e are related by

e5
12a
b

(2)

with the outer radius of Section II assumed to be dR, d can be
expressed as

d512ef (3)

Furthermore, d is a function of f, that is, a function of z.

Establishment of the Flow System. The assumptions
made in both the theoretical derivation and the simulations are
listed as follows: (1) steady state, (2) isothermal, (3) incom-
pressible fluid, (4) laminar flow, (5) power-law fluid, (6) no-
slip boundary condition at the walls, (7) two-dimensional (2-
D) axisymmetric, and (8) neglecting end-effects.

Derivation of the velocity profile in the axial direction

Section II. The spinneret system is a 2-D axisymmetric
annulus where the velocity in the h-direction is zero. As such,
the continuity equation can be simplified as Eq. 4

1

r

@

@r
ðrVrÞ1

@Vz

@z
50 (4)

For the momentum balance, the equation of motion pre-
sented in Eq. 5 is employed

@

@t
ðqvÞ1r � ðqvvÞ52rP2 r � sð Þ1qg (5)

Assuming a negligible gravity effect, the polymer liquid in
the spinneret system flows so slowly that the inertia terms in
the equation of motion can be neglected; the equation of
motion can be simplified as Eq. 6

052rP2 r � sð Þ (6)

The governing equation of Eq. 6 in the z-direction is shown
in Eq. 7
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The generalized power-law model is applied for the poly-
mer solutions, and the deformation relationships required to
solve Eq. 7 are as follows
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However, because both Vz and Vr are nonzero, the nonlinear
partial differential equations cannot be solved, even when uti-
lizing the continuity equation. Vr is “temporarily assumed” to

be zero, and @Vz

@z is neglected according to the continuity equa-
tion. As a result, Eqs. 7 and 8 can be simplified as

@

@r
ðrsrzÞ5r 2

dP

dz

� �
and (10)

srz52m
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����
n21
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� �
; respectively (11)

The deviations from this assumption are corrected in later
sections.

The variable kR is introduced to designate the position of
maximum z-velocity; it is an underdetermined constant in Sec-
tion I and varies with f in Section II. By integrating Eq. 10
with the condition shown in Eq. 12

r5kR;
dVz

dr
50; (12)

we obtain Eq. 13 as

srz5
1

2
2

dP

dz

� �
r2
ðkRÞ2

r

 !
(13)

The ratio of the shear stress (srz) obtained from the CFD
analytical solution (with the effect of radial flow) to that from
the approximate analytical analysis (without the effect of
radial flow) was observed to be approximately constant at the
inner and outer walls for spinnerets for various flow angles. As
a result, the angle coefficient / shown in Eq. 14 is introduced
to include the effect of the radial flow on shear stress as

/5Aw1B (14)

This correcting shear stress ratio is used to modify the gov-
erning equation expressed in Eq. 13. The parameter w is a new
dimensionless variable defined in Eq. 15 to eliminate the radial
dimension of the inner tube of the annulus as

w5
n2j

dðfÞ2j
(15)

Relative to the straight annulus, the parameter B includes
the effect of the radial flow on the shear stress ratio at the inner
wall, and the parameter A includes the effect of the radial flow
on the shear stress ratio linearly from the inner wall to the
outer wall. For a straight annulus, the angle coefficient can be
reduced to unity. To facilitate the following calculation, Eq.
13 is multiplied by the angle coefficient to the power of n as
shown in Eq. 16

srz5
1

2
2

dP

dz

� �
Aw1Bð Þn r2

ðkRÞ2

r

 !
(16)

The system depends on six variables: the volumetric flow
rate, the geometrical variables of the spinneret (j, n, f, and e)
and the power law n-index. In the tube flow system, the volu-
metric flow rate is inherent in (2dP/dz) and m and is not
dependent on the angle coefficient. Therefore, it is reasonable
to hypothesize that e and n are included in values A and B.
Subsequently, A and B are determined through regression
analysis as Eqs. 17 and 18; the results of computations used
for the regression are listed in Supporting Information 1 in a
separate file

A523:286e2:317n20:293 and (17)
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B52:898e2:979n20:38111 (18)

By substituting Eq. 11 into Eq. 16, the z-velocity profile
across the spinneret is solved with the boundary conditions
Vz 5 0 at both r 5 jR and r 5 R, which leads to

Vz;II5R
R
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2
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dz

� �� �sðn
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(19a)
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(19b)

where s51/n. By equating Eq. 19a with Eq. 19b, the parameter
k is numerically solved asðk

j
Aw1Bð Þ k2

n
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The volumetric flow rate is calculated by integrating the z-
velocity profile across the annulus as Eq. 21
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Rearranging Eq. 21 can obtain another expression of volu-
metric flow rate vs. applying pressure as

R

2m
2

dP

dz
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Given all the systematic variables, the result of Eq. 22 is
substituted into Eqs. 19a and 19b to solve the z-velocity
profile.

Section I. Section I is the special case of Section II when
d is given the value of unity and the z-velocity in Section I is
expressed as follows
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The variable k in Section I is numerically solved as
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The volumetric flow rate in Section I is expressed as
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Details of the derivation of Eq. 25 are supplied in Support-
ing Information 2 in a separated file.

Derivation of the shear rates

Shear rate is defined as the derivative of axial z-velocity
with respect to r

Shear rate 5
@Vz
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(26)

Section II. Differentiating Vz in Eqs. 19a and 19b with
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The local shear rates at the inner and outer walls in Section
II are thus���� dVz

dr
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Section I. Section I is the special case of section II when d is
given the value of unity and the shear rate is expressed as follows���� dVz
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The local shear rates at the inner and outer walls in Section
I are thus���� dVz

dr
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Given all the systematic variables (r, z, n, Q, R, aR, bR, and
jR), the equations above are used to calculate the shear rate
distribution in the converging part of a spinneret. First, the
variable k is determined according to Eq. 20. Second, the over-
all z-velocity profile is obtained from both Eqs. 19a and 19b.

Finally, the shear rates at the inner and outer walls are calcu-
lated from Eqs. 28a and 28b, respectively. Details of MAT-
LAB program modeling calculation are given as a Supporting
Information 3 in a separated file.

Calculation of the Elongation Rate. The z-velocity profile
varies with converging cross-section of Section II. Elongation rate
is defined as the derivative of axial z-velocity with respect to z

Elongation rate5
@Vz

@z
(31)

Axial velocities Vz in Eqs. 19a and 19b are differentiated
with respect to z for the elongation rate distribution in Section
II; however, it is an arduous task since (2dP/dz) and k in Eqs.
19a and 19b are also the function of z. As a result, this study
applies the definition of differentiation in Eq. 32 to simplify
the convoluted equations, dividing the control volumes infini-
tesimally to calculate the elongation rate using

Figure 2. Schematic diagram of the conical annulus spinneret: (a) three real 2-D simulation systems and (b) real
three-dimensional simulation system of a 608 spinneret.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 1. Dimensions of a Spinneret with a Converging

Cross-Section

Variables Values (mm)

R (608) 2.70
R (758) 1.47
R (908) 0.40
aR 0.40
bR 4.00
jR 0.25
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dVz

dz
5 lim

z1!z2

Vz12Vz2

z12z2

(32)

Both shear rate and elongation rate distributions calculated
here are further compared with CFD simulation results in the
following sections. The results are crucial for both quantitative
and qualitative analyses during hollow fiber membrane spin-
ning processes.

Flow system and numerical calculation

To validate the semianalytical solution, the commercial
CFD software package (ANSYS Fluent

VR

) was used to calcu-
late the velocity profile, elongation rate and shear rate for the
power-law fluids in a spinneret during spinning processes. The
flow field in the spinneret is considered ideally axisymmetric
and reasonably simplified into 2-D planar form to create
meshes of high quality using GAMBIT.

The essential details of CFD simulation including general
conservation equations, boundary conditions, physical proper-
ties of the dope solution, and the iterations are described in our
previous work.33 The steps for CFD simulation are listed as fol-
lows. First, general conservation equations in Eq. 4 and Eq. 6
are discretized into algebraic equations. Second, the boundary
conditions are defined: (1) inlet velocity: Vz 5 Vz and Vr 5 0,
(2) outlet pressure: 101,325 Pa, (3) spinneret walls: Vz 5 Vr 5 0.
Third, physical properties of dope solution are input: (1) dope
solution with a density of 1,186.5 kg/m3 contains 37% polye-
thersulfone (PES) with a molecular weight of 15,000 in N-
methyl-2-pyrrolidone, (2) incompressible fluid with a volumet-
ric flow rate of 0.2 mL/min, (3) ambient temperature, (4) gravi-
tational acceleration of 9.8 m/s2 acts along the z-axis, (5)
relationship between shear stress and shear rate of dope solution
can be described by a simple power-law expression in Eq. 33

s5129:66 _c1:423 (33)

Finally, the sum of the normalized residuals for all variables
converges to less than 1 3 1024 within 5,000 iterations.

Results and Discussion

The semianalytical results for spinnerets at different flow
angles are compared with the CFD simulation results and the

approximate analytical results derived by Tung et al.33 The
performance of a hollow fiber predicted by the derived semi-
analytical solution has also been compared with the experi-
mental data reported by Cao et al.27 to validate the theoretical
work derived in this study. The spinneret models are illus-
trated in Figure 2, and the dimensions of the spinnerets are
listed in Table 1.

Axial velocity profiles within the converging section

Figure 3 compares the analytical solutions and CFD simula-
tions for the z-velocity profile in a real conical spinneret at a

Figure 3. Comparison between the analytical solutions and CFD simulations for the z-velocity profile in a conical
spinneret with a flow angle of 608 at the axial position where (a) g 5 0.5 and (b) g 5 0.95 (n 5 1.423,
Q 5 0.2 mL/min).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 2. Wall Shear Rate in a Conical Spinneret for Flow

Angles of 608: (a) Inner Wall and (b) Outer Wall (n 5 1.423,

Q 5 0.2 mL/min)

g CFD
Approx.

Analytical33 jError%j33

Semianalytical
(This

Study)

jError%j
(This

Study)

(a) Inner Wall
0.00 0.77 0.60 22.01 0.80 3.38
0.10 0.98 0.77 21.94 1.02 3.57
0.20 1.29 1.01 21.85 1.34 3.81
0.30 1.74 1.36 21.89 1.81 3.85
0.40 2.45 1.92 21.90 2.55 3.98
0.50 3.65 2.85 21.86 3.80 4.13
0.60 5.85 4.58 21.74 6.11 4.37
0.70 10.47 8.21 21.54 10.96 4.67
0.80 22.33 17.60 21.17 23.47 5.09
0.90 66.76 53.04 20.56 70.50 5.60
0.95 150.17 120.14 20.00 159.24 6.04
0.98 282.10 234.74 16.79 310.25 9.98
1.00 476.72 420.68 11.76 554.81 16.38
(b) Outer Wall
0.00 20.09 20.27 213.45 20.21 136.80
0.10 20.24 20.36 49.65 20.27 12.96
0.20 20.34 20.50 46.21 20.38 10.83
0.30 20.48 20.70 47.07 20.53 10.41
0.40 20.71 21.04 47.32 20.78 10.45
0.50 21.11 21.63 47.34 21.22 10.17
0.60 21.89 22.79 47.36 22.07 9.70
0.70 23.63 25.35 47.18 23.96 9.07
0.80 28.45 212.42 46.96 29.14 8.23
0.90 228.11 241.21 46.57 230.07 6.97
0.95 267.44 299.03 46.84 271.82 6.49
0.98 2140.25 2201.47 43.66 2145.48 3.73
1.00 2329.10 2372.21 13.10 2267.83 18.62
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flow angle of 608. Because the annulus spinneret is not a single
vertical cylinder, the z-velocity profile is not a symmetric
parabola. Instead, the maximum z-velocity occurs close to the
inner wall due to the smaller frictional area in which the fluid
flow is less retarded. As the fluid passes through the conical
spinneret, the flow rate increases and the z-velocity profile in
the flow direction changes due to the decreasing cross-
sectional area. These phenomena are more significant when
there is a stronger converging effect in the spinneret.

The z-velocity profiles within Section II derived from Eqs.
19a and 19b agree well with the CFD simulation results,
indicating that the modified z-velocity profiles feature accu-
rate positions of the maximum z-velocity and accurate maxi-
mum values. According to Eq. 4, which relates Vr and Vz,
the accurate z-velocity values confirm the accuracy of the r-
velocity values. This indicates that the angle coefficient
introduced in this study effectively accounts for the effect of
radial flow.

Effect of various flow angles

In this study, the semianalytical results for three angles (i.e.,
908, 758, and 608) were considered to find the optimal angle
design for spinnerets. The physical properties of the dope solu-
tion along the z-direction are discussed in this section. Because
the values of R vary with the spinneret angle, a dimensionless
variable g is defined in Eq. 34 to eliminate the angle effect and
unify the basis of comparison for Section II as

g5
z

bR
(34)

Discussion of the Shear Rate. The increasing shear rate
aligns the irregular polymer chains in the flow direction and
packs them more densely, enhancing the membrane selectiv-
ity. However, excessively high shear rates damage the hollow
fiber membranes. Therefore, it is necessary to determine the
relationship between the shear rate and the systematic
variables.

Figure 4. Effect of various flow angles on the shear rate distribution in a conical spinneret: (a) inner wall and (b)
outer wall (n 5 1.423, Q 5 0.2 mL/min).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 5. Comparison between the analytical solutions and CFD simulations for the shear rate distribution in a
conical spinneret with a flow angle of 608 at the axial position where (a) g 5 0.5 and (b) g 5 0.95 (n 5 1.423,
Q 5 0.2 mL/min).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Table 2 shows the analytical and CFD results along the z-
axis at the inner and outer walls of a conical spinneret. The
semianalytical results for the shear rate obtained in this study
agree more closely with the CFD simulated results than the
model that neglects the effect of radial flow.33 From the results
shown in Table 2, the average deviations of shear stresses
derived from the approximate analytical solution reached 47%
and 21% at the outer and inner walls, respectively, while the
wall shear stresses derived in this study deviated from the
CFD simulation results by approximately 10%. The significant
discrepancy at the entrance (g 5 0) is due to a sudden converg-
ing effect not considered in the analytical solution. The devia-
tion at the spinneret outlet (g 5 1) is primarily due to the
discontinuous interface between the liquid and the gas in the
CFD simulation.

Figure 4 illustrates the shear rate distributions along the
z-axis at the inner and outer walls of the spinnerets for dif-
ferent flow angles. The shear rates at the inner and outer
walls decrease as the flow angle decreases because the
cross-section at the entrance of Section II is larger for spin-

nerets with smaller flow angles, as shown in Figure 2. This
smaller cross-section induces a greater shear rate at the
entrance of the converging section. As a result, the flow
angle of the spinneret affects the flow pattern and the rheo-
logical properties of the polymer solutions inside the
spinneret.

Figure 5 illustrates the shear rate profiles across two cross-
sections of the spinneret. The horizontal axis represents
dimensionless length, and the vertical axis represents the shear
rate. The results in this study are in better agreement with the
CFD results than the results of the model that neglects the
effect of radial flow.33 This finding confirms that the highest
magnitude of shear rates occur at the inner and outer walls of
the spinneret.

Discussion of the Elongation Rate. The elongation rate is
an important factor in a spinneret system because an increase
in the elongation rate can prevent polymer chains from
coiling.

Figure 6 shows the effect of flow angles on the elongation
rate at the outlet of the converging section. For fluid passing
through a 908 straight annulus, the elongation rate vanishes
because the z-velocity profile does not vary along the flow
direction. When the fluid passes through a converging annulus,
the decreasing area increases the flow rate and induces a z-
velocity change in the z-direction. Additionally, a smaller flow
angle influences the elongation rate more strongly because the
converging effect becomes more pronounced. Although the
elongation rate increases and the shear rate decreases as the
converging effect becomes more prominent, membranes with
excellent separation performances can still be designed if the
optimum balance between the elongation rate and shear rate is
found.

Effect of various flow rates

Discussion of the Shear Rate at the Inner and Outer
Walls. According to the semianalytical shear rate solutions
shown in Eqs. 27a and 27b, the shear rate is proportional to
the flow rate under the laminar flow conditions. To eliminate
the effect of the flow rate, we take the ratio of the shear rate to
the flow rate. Figure 7 shows that the ratio profiles along the z-
direction at the inner and outer walls remain identical to the
flow rate as it varies. Given the shear rate profile for a given

Figure 7. Effect of various dope fluid flow rates on the shear rate distribution in a conical spinneret: (a) inner wall
and (b) outer wall (608, n 5 1.423).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 6. Effect of various flow angles on the elonga-
tion rate at the exit of a conical spinneret
where g 5 0.95 (n 5 1.423, Q 5 0.2 mL/min).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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flow rate, we can estimate the other shear rate profiles for dif-
ferent flow rates using this ratio.

Effect of various values of the n-index

Figure 8 shows that the shear rates at the inner and outer
walls decrease as the value of n-index increases. To maintain
the same shear rate and elongation rate, the flow rate should
also increase. According to the simulation results, the shear
rate distribution is first concave and then convex for n> 1 but
first convex and then concave for n< 1. The semianalytical

results agree well with the CFD simulation results when the
value of the n-index is between 0.703 and 1.423. Because the
n-index of most polymer fluids lies within this range, the semi-
analytical solution derived in this study can be widely applied
to most polymer fluids.

Validation of the derived semianalytical solution

Since the separation performance of a hollow fiber is deter-
mined by the selective layer located at its outer wall, the elon-
gation rate and shear rate at the outer wall of a spinneret outlet
are important parameters directly influencing the selective
layer. To validate the derived semianalytical solution, the sep-
aration performances of PES hollow fibers adopted from Cao
et al.27 were then plotted vs. the semianalytical shear rate and
elongation rate as shown in Figure 9. According to the gas sep-
aration performances of PES hollow fibers wet-spun by a spin-
neret with a flow angle of 608,27 the shear rate and elongation
rate are calculated through the semianalytical solution under
each spinning condition. Under low dope flow rate, elongation

Figure 8. Shear rate distribution for various n values in a conical spinneret with a flow angle of 608 at the axial
position where (a) g 5 0.5 and (b) g 5 0.95 (n 5 1.423, Q 5 0.2 mL/min).

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 9. Relationships between gas separation per-
formance and shear and elongation rates for
hollow fiber membranes spun from a 608

spinneret (experimental data from Cao
et al.27); permeance equals permeability
divided by the thickness of the selective
layer and is expressed in gas permeance
units (GPU) with 1 GPU 5 1 3 1026 cm3

(STP)/(cm2-s-cmHg) 5 3.3 3 1021 mol/(m2-s-
Pa).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 10. Elongation and shear rates at the outer wall
of the outlet for various spinnerets and
dope fluid flow rates.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]
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rate and shear rate enhanced monodispersity and the alignment
of molecular chains, respectively, leading to a denser selective
layer and a better permselectivity as shear rate and elongation
rate increased. After the dope flow rate exceeds a critical
point, the permselectivity decreases with shear rate and elon-
gation rate otherwise. The decrease can be attributed to the
significant decrease in viscosity of shear-thinning polymer
doping at higher shear and elongation rates. Therefore, instead
of time-consuming simulation, the effect of both shear and
elongation rates on the gas separation performances can be
quickly obtained with the aid of semianalytical solution
derived in this study with specified experimental parameters.

Figure 10 generalizes the elongation and shear rates at the
outer wall of the outlet for various spinnerets and dope fluid
flow rates. Both shear and elongation rates are linearly propor-
tional to the dope fluid flow rates for each spinneret. Before
reaching the critical point, the permselectivity can be
enhanced by increasing either shear rate or elongation rate of
dope fluids as revealed in the literature.27 However, there is a
trade-off between shear rate and elongation rate. To spin a hol-
low fiber membrane with a desired separation performance,
Figure 10 provides a reference for material engineers to
choose a desirable spinneret.

Conclusions

By introducing an angle coefficient, a semianalytical solu-
tion was derived for a power-law fluid flowing through a coni-
cal annulus. Accounting for the effect of radial flow, the angle
coefficient correctly modifies the governing equation for the
power-law fluid flowing through the straight annulus. Given
all six variables (Q, j, n, f, e and n) that determine a spinneret
system, we can readily estimate the z-velocity profile, shear
rate, and elongation rate within the spinneret from the semian-
alytical solution derived in this study. Furthermore, the results
obtained from the semianalytical solution are in good agree-
ment with those calculated by CFD simulations, validating our
work. For a power-law fluid of n 5 1.423 flowing through a
608 spinneret at a rate of 0.2 mL/min, the wall shear stresses
derived in this study deviate from the CFD simulation results
by approximately 10%. Using the semianalytical solution
derived in this study, we can accurately estimate the shear rate
and the elongation rate when designing a spinneret structure to
spin a hollow fiber membrane with optimal separation
performance.
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Notations

A = parameter of the angle coefficient
B = parameter of the angle coefficient
m = power-law model consistency, Pa•sn

n = power-law index, dimensionless
P = pressure, Pa
Q = flow rate of the dope fluid, m3/s
Qi = flow rate of the dope fluid for Section i, with i � (I, II), m3/s
R = outer radius of the annulus of Section I in Figure 1, m
r = radial coordinate, m
s = power-law constant, dimensionless
T = temperature, K

t = time, s
Vi = velocity of fluid along the i-coordinate direction, with i � (r, z),

m/s
v = velocity of fluid, m/s
z = axial coordinate, m

Greek letters

a = dimensionless radius for the outlet tube of Section II in Figure 1
b = dimensionless length for Section II in Figure 1
_c = shear rate, 1/s
d = dimensionless radius for the outer converging tube of Section II in

Figure 1
e = slope of the converging section in a converging annulus
f = dimensionless variable for axial coordinate
g = dimensionless axial coordinate based on bR
h = angular coordinate
j = dimensionless radius for the inner tube of the spinneret in Figure 1
k = dimensionless radial position at which the shear stress vanishes
l = apparent viscosity of non-Newtonian-power-law fluid, Pa•s
n = dimensionless variable for r-coordinate based on R
q = density, kg/m3

s = shear stress, N/m2

/ = angle coefficient, dimensionless
w = dimensionless radial coordinate excluding radial dimension of inner

tube
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